Abstract. We prove estimates interpolating the Schwarz Lemmata of Royden-Yau and the ones recently established by the author. These more flexible estimates provide additional information on (algebraic) geometric aspects of compact Kähler manifolds with nonnegative holomorphic sectional curvature, nonnegative Ric ℓ or positive S ℓ .
Introduction
There are many generalizations of the classical Schwarz Lemma on holomorphic maps between unit balls via the work of Ahlfors, Chen-Cheng-Look, Lu, Mok-Yau, Royden, Yau, etc (see [9] and [17, 22] and references therein). The one obtained by Royden [17] states: The proof uses a viscosity consideration from PDE theory. It is also reminiscent of Pogorelov's Lemma [16] (cf. Lemma 4.1.1 of [6] ) for Monge-Ampère equation, since the maximum eigenvalue of ∇ 2 u is the · 0 for the normal map ∇u for any smooth u. A consequence of Theorem 1.2 asserts that the equivalence of the negative amplitude of the holomorphic sectional curvature implies the equivalence of the metrics. Namely if M m admits two Kähler metrics g 1 and g 2 satisfying that
then for any v ∈ T ′ x M we have the estimates:
This result can be viewed as a stability statement of the classical result asserting that a complete Kähler manifold with the negative constant holomorphic sectional curvature must be a quotient of the complex hyperbolic space form. Motivated by Rauch's work which induces much work towards the 1/4-pinching theorem and, the above stability of Kähler metrics it is natural to ask whether or not a Kähler manifold M with its homomorphic sectional curvature being close to −1 is biholomorphic to a quotient of the complex hyperbolic space. Another consequence is a Liouville type theorem for holomorphic maps into manifolds with negative holomorphic sectional curvature stated within.
Before we state another recent result of the author we first recall some basic notions from Grassmann algebra [4, 20] . Let C m be a complex Hermitian space (later we will identify the holomorphic tangent spaces T
, the inner product can be defined as a, b = det( v i ,w j ). This endows ∧ ℓ C n an Hermitian structure, hence a norm | · |. There are also other norms, such as the mass and the comass, which shall be denoted as | · | 0 as in [20] , and could be useful for some problems. We refer [20] Sections 13, 14 for detailed discussions. Assume that f : (M m , g) → (N n , h) is a holomorphic map between two Kähler manifolds. Let ∂f :
The notion · 0 is adapted to be consistent with the comass notion in [20] . By the singular value decomposition, we may choose normal coordinates centered at x 0 and f (x 0 ) such that at x 0 , df
It is also easy to see that ∂f
The following was proved in Corollary 3.4 of [12] . Here recall that in [12] Ric(x, Σ) is defined as the Ricci curvature of the curvature tensor restricted to the
with {E i } being a unitary basis of Σ. We say that Ric k (x) < 0 if Ric(x, Σ) < 0 for every k-dimensional subspace Σ. Clearly Ric k (x) < 0 implies that S k (x) < 0, and it coincides with H when k = 1, with the Ricci curvature Ric when k = dim(N ). Here S k (x, Σ) is defined to be the scalar curvature of the curvature operator restricted to Σ ⊂ T ′ x N . One can refer to [12, 13, 15] for the definitions and related results on the geometric significance of Ric ℓ and S ℓ .
Note that Theorem 1.3 has at least two limits in studying the holomporphic maps. The first it applies only to the case that dim(N ), the dimension of the target manifold is at least as big as the dimension of the domain. The second limit is that it can only be applied to detect whether or not the map is full-dimensional, namely dim(f (M )) = dim(M ) or not. The first goal of this paper is to prove a family of estimates for holomorphic maps between Kähler manifolds containing the above three results as special cases. The result below removes the above mentioned constraints of Theorem 1.3. 
Note that part (i) above recovers Theorem 1.1 for ℓ = dim(M ), and recovers Theorem 1.2 for ℓ = 1. Hence it provides a family of estimates interpolating between Theorem 1.1 and 1.2. Similarly part (ii) recovers Theorem 1.3 when ℓ = dim(M ), and recovers Theorem 1.2 for ℓ = 1, noting that in the case ℓ = dim(M ), the assumption on the lower bound of bisectional curvature can be weakened to a lower bound of the Ricci curvature (from the proof this is obvious). Hence part (ii) provides a family of estimates interpolating between Theorem 1.2 and 1.3. Part (ii) also implies that any Kähler manifold with Ric ℓ ≤ −κ < 0 must be ℓ-hyperbolic, a result proved in [12] . Moreover it can also be applied to M with dim(M ) > ℓ or even dim(M ) > dim(N ) concluding more detailed degeneracy information of the map, re-enforcing the relationship between the ℓ dimensional "holomorphic" area of N and the Ric N ℓ . The proof of the result (in Section 4) is built upon extensions of ∂∂-Bochner formulae of [12] , which are proved in Section 3 after some preliminaries in Section 2. In Section 5 we show that the estimates can be used to rule out the existence of certain holomorphic mappings under some curvature conditions (cf. Theorem 5.1). In particular Theorem 1.2 (cf. Corollary 5.4 of [12] ) implies that if a compact Kähler manifold (M, g) has H ≥ 0, then there is no onto homomorphism from its fundamental group to the fundamental group of any oriented Riemann surface (complex curve) of genus greater than one. The more flexible Theorem 1.4 extends this statement to include all Kähler manifolds with Ric ℓ ≥ 0 (for some ℓ ∈ {1, · · · , m}). Note that a similar statement was proved for Riemannian manifold with positive isotropic curvature in [5] . In [19, 13] it was proved that if the holomorphic sectional curvature H > 0 or more generally Ric ℓ > 0 then π 1 (M ) = {0}. The result here provides some information for the nonnegative case. Note that [7] indicates that the class of Kähler manifolds with H > 0 seems to be larger than that with Ric > 0. There has been very little known for manifold M with H ≥ 0 (or Ric ℓ ≥ 0 for ℓ < dim(M )) comparing with the situation for compact manifolds with Ric ≥ 0.
In [1] , two invariants were defined for a Kähler manifold M . One is the so-called Albanese dimension a(M ) dim C (Alb(M )) (we use the complex dimension instead), the dimension of the image of the Albanese map Alb :
The other invariant is the genus of M , g(M ) which is defined as the maximal dim(U ) with U being an isotropic subspace of H 1 (M, C). The above consequence of Theorem 5.1 can be rephrased as that for M with H M (X) ≥ 0, or more generally Ric ℓ ≥ 0, we must have g(M ) ≤ 1. The same conclusion is obtained in Section 6 for Kähler manifold M with the Picard number ρ(M ) = 1 and
( This is also a consequence of the vanishing theorem proved in [15] .) These results endow the curvature Ric ℓ and S ℓ some algebraic geometric/toologocal implications.
In Section 5 we also illustrate that the C 2 -estimate for the complex Monge-Ampère equation is a special case of our computation in Section 3. In Section 6 we derive some estimates on the minimal "energy" needed for a non-constant holomorphic map between certain Kähler manifolds extending earlier results in [12] .
Preliminaries
We collect some needed algebraic results.
The Hermitian form A αβ dz α dzβ with A αβ = f i α f j β h ij is the pull-back h via f . By the singular value decomposition for x 0 ∈ M and f (x 0 ) ∈ N we may choose normal coordinates centered at x 0 and f (x 0 ) such that ∂f ( 
Proof. Arguing invariantly we choose unitary basis of T ′ x0 M with respect to g. Then the left hand side is the partial sum of the eigenvalues of A in descending order, and the right hand side is the trace of the first ℓ × ℓ block of (A αβ ). Hence the result is well-known (cf. [8] , Corollary 4.3.34).
For a linear map
is define as the linear extension of the action on simple vectors:
being the multi-index, and e λ = e α1 ∧ · · · ∧ e α ℓ , is a unitary frame for ∧ ℓ C m . The Binet-Cauchy formula implies that this is consistent with the Hermitian product a, b defined in the previous section.
The norm Λ ℓ L 0 is the operator norm with respect to the Hermitian structures of ∧ ℓ C m and ∧ ℓ C m defined above, which equals to the Jacobian of a Lipschitz map f , when ℓ = m or n, applying to L = ∂f (cf. Section 3.1 of [4] ).
For the local Hermitian matrices A = (A αβ ) and G = (g αβ ) we denote A ℓ and G ℓ be the upper-left ℓ × ℓ blocks of them. Proposition 2.2. For any 1 ≤ ℓ ≤ m the following holds:
Proof. For the inequality in (2.1), as in the above proposition we may choose a unitary frame of T ′ x0 M such that G = id. Then the claimed result is also a well-known statement about the partial products of the descending eigenvalues. The result can be seen by applying 4.1.6 of [11] to (A + ǫG) −1 and let ǫ → 0 (see also Problem 4.3.P15 of [8] ).
For the equality (2.1), first observe that
if {v α } are the eigenvectors of A with eigenvalues {|λ α | 2 }. On the other hand for general orthonormal vectors {v α }, the above paragraph implies
Combining them we have the equality in (2.1).
∂∂-Bochner formulae
Here we generalize the ∂∂-Bochner formula derived in [12] on ∂f 2 and Λ m ∂f 
Proof. The calculation is similar to that of [12] . Here we include the details of the first. Choose holomorphic normal coordinate (z 1 , z 2 , · · · , z m ) near a point p on the domain manifold M , correspondingly (w 1 , w 2 , · · · , w n ) near f (p) in the target. Let ω g = √ −1g aβ dz α ∧dz β and ω h = √ −1h ij dw i ∧ dw j be the Kähler forms of M and N respectively. Correspondingly, the Christoffel symbols are given
We always uses Einstein's convention when there is an repeated index. The symmetry in the Christoffel symbols is due to Kählerity. If the appearance of the indices can distinguish the manifolds we omit the superscripts M and N . Correspondingly the curvatures are given by
. At the points x 0 and f (x 0 ), where the normal coordinates are centered we have that
∂w k ∂w l . Direct calculation shows that at the point x 0 (here repeated indices α, β are summed from 1 to ℓ, while i, j, k, l are summed from 1 to n)
The claimed equation then follows. 
Proof of Theorem 1.4
Since in general σ ℓ and Λ ℓ ∂f 0 are not smooth we adopt the viscosity consideration as in Section 5 of [12] to prove the result. We also need to modify the algebraic argument in the Appendix of [12] for some point-wise estimates needed. Another difference of the argument is that we shall apply the maximum principle to a degenerate operator. First we need a Royden type lemma. 
Here
Proof. We follow the argument in Appendix of [12] , which is due to F. Zheng. The left hand side can be written as 1≤α,β≤ℓ ′ R N αᾱββ
The result follows from elementary inequalities
The construction of such η is elementary. Let
When the meaning is clear we omit subscript R in ϕ R . Clearly σ ℓ · ϕ attains a maximum somewhere at x 0 in B p (R). With respect to the normal coordinates near x 0 and f (x 0 ), (U ℓ ϕ)(x 0 ) = (σϕ)(x 0 ), and (U ℓ ϕ)(x) ≤ (σ ℓ ϕ)(x) ≤ (σϕ)(x 0 ) ≤ (U ℓ ϕ)(x 0 ) for x in the small normal neighborhood. The maximum principle then implies that at x 0 ∇(U ℓ ϕ) = 0;
Now applying the ∂∂ formula (3.1), the above Lemma and the complex Hessian comparison theorem of Li-Wang [10] , together with the argument in [12] , imply the result. It is clear from the proof that if ℓ = m = dim(M ), only the Laplacian comparison theorem is needed. Hence one only needs to assume that the Ricci curvature of M is bounded from below.
The proof of part (ii) is similar. For the sake of the completeness we include the argument under the assumption (1.4). In this case we let ϕ = η ρ R . Now ϕ has support in D(2R) {ρ ≤ 2R}. Hence W ℓ · ϕ attains its maximum somewhere, say at x 0 ∈ D(2R). Now at x 0 we have
Multiplying ϕ on both sides of the above we have that
LEI NI
The result follows by observing that
→ 0 and
Applications
First we show that the Pogorelov type estimate of [12] can be adapted to derive the C 2 -estimate for the Monge-Ampère equation related to the existence of Kähler-Einstein metrics and prescribing the Ricci curvature problem. Recall that the geometric problems reduce to a complex Monge-Ampère equation
with t ∈ [−1, 1], f being a fixed function with prescribed complex Hessian. g
We apply our previous setting to the map id :
The computation in [2, 21] (See also the exposition in [18] ) is on L ∂f 2 . By the computation from Section 3 and 4, at the point where ∂ id 2 0 is attained we have that
′ is the curvature of g ′ and |λ| 
Now we apply/repeat the same consideration/calculation to Q log σ 1 − (C(M, g, f ) + 1)ϕ. Then at the point x 0 , where Q attains its maximum, we have that
which then implies that
This implies that at the maximum point of
, κ = C(M, g, f ) + 2, the above implies
As mentioned in the introduction, Theorem 1.4 removes the constrains that dim(M ) ≤ dim(N ) in the previous results proved in [12] . As in [14] we denote by B ⊥ the orthogonal bisectional curvature. We say
The following is a corollary of the proof Theorem 1.4. Proof. Since M is compact σ ℓ attains a maximum somewhere, say at x 0 . If f is not constant σ ℓ > 0. Applying (3.1), using the normal coordinates around x 0 and f (x 0 ) specified as in the last two sections we have that
Here Σ = span{ ℓ ∂f 0 has a nonzero maximum somewhere, say at x 0 . Then applying (3.2), using the normal coordinates around x 0 and f (x 0 ) specified as in the last two sections we have that
This leads to a contradiction under the assumptions either S 
Since at x 0 W ℓ = 0, the above operator is well defined in a small neighborhood of x 0 . As before applying L at x 0 implies that
The above also induces a contradiction under either Ric 
(ii) Let (M, g) be a Kähler manifold with S ℓ > 0 for some
Proof. The first part of (i) follows from part (i) of Theorem 5.1. Namely apply it to N = C g and combine it with the above Siu-Beauville's result. The second part follows by combining Theorem 5.1 with Theorem 1.4 of [1] due to Catanese (cf. Theorem 1.10 of [3] ). The statement of (ii) is an easy consequence pf part (ii) of Theorem 5.1.
In fact the vanishing theorem of [15] implies that for Kähler manifolds with S ℓ > 0, there does not exist a k-wedge subspace in H 1,0 (in the sense of [3] ) for any k ≥ ℓ. Moreover, such manifolds have to be Albanese primitive for k ≥ ℓ.
Mappings from positively curved manifolds
In [14] , the orthogonal Ric ⊥ was studied. Recall that Ric
It is easy to see that B ⊥ ≥ κ implies that Ric ⊥ ≥ (m − 1)κ. Similar upper estimate also holds if B ⊥ is bounded from above. It was also shown in [14] via explicit examples that B ⊥ is independent of the holomorphic sectional curvature H, as well as the Ricci curvature. Similarly Ric ⊥ is independent of Ric, as well as H. It was proved in [14] that for manifold with uniform positive lower bound of Ric ⊥ , the manifold is compact with an effective diameter uppper bound. Similar result for holomorphic sectional curvature was proved in [19] . It is not hard to see that for Kähler manifolds with Ric ℓ ≥ K > 0, they must be compact. Similar upper diameter estimate can be obtained.
Applying ∂∂-Bochner formulae we have the following estimates in the spirit of [12] .
(iii) Assume that Ric Taking κ → 0, the part (ii) of Theorem 6.1 also implies that any holomorphic map from a compact manifold with B ⊥ > 0 into one with B ⊥ ≤ 0 must be a constant map (cf. Theorem 5.1). Given that B ⊥ is independent of H and Ric, this does not follow from YauRoyden's estimate Theorem 1.1, nor from Theorem 1.2. The part (iv) provides an additional information on compact Kähler manifolds with Ric ⊥ > 0.
